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@ Two problems about boundaries
© Some old results about boundaries and compactness
© Some new results about boundaries and selectors

@ Open problems
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Problem 2: When is a boundary strong?

Let X Banach space, B C Bx+ boundary.

When do we have By :0078” H?
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© We prove that Fonf-Lindenstrauss techniques can be reduced to the old
techniques coming from Simons inequality: there are no new techniques
nor can be stronger applications derived from Fonf-Lindenstrauss.

@ We characterize Banach spaces X without copies of /! via boundaries
extending the results by Godefroy for the separable case.

@ For Asplund spaces we characterize boundaries for which K = co BH H.
We extend in several different ways results by Namioka and Fonf.
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(i) X* =span T and x* is weakly countably K-determined
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(ii) Every boundary for Bx- is strong. In particular
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This answers a question by Plichko, extends Godefroy's result for
separable boundary and improves Contreras-Paya and
Fonf-Lindenstrauss result.
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Mufioz-Orihuela-B.C.

The following conditions are equivalent for a Banach space X:

(i) X is an Asplund space;
(i1) J has a Baire one selector;
(iii) J has a o-fragmented selector;

(iv) for some 0 < € <1, J has an &-selector that sends norm separable subsets
of X into norm separable subsets of X*.

(v) there exists 0 < € < 1 such that (Bx:,w") is e-fragmented, i.e., for every
non-empty subset C C Bx: there exists some w*-open set V in Bx: such
that CNV #0 and || || —diam(CN V) < e.

@ Borel measurable maps are o-fragmented.

@ The implication (ii)=-(i) is proved in [JRO2] with extra hypothesis which
are justified with a wrong example.

@ The equivalence with (v) is known when we write for every €: a different
proof has been given quite recently by Fabian-Montesinos-Zizler.
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X* and B C K a boundary of K. Each one of the condition below implies that

K=coB! I
(i) Bis y-closed.

(i) B is w*-K-analytic.
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The techniques now are topological techniques developed by
Namioka-Orihuela-B. C and Namioka-B. C.
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Two open problems

@ The boundary problem in full generality (Godefroy).

@ Characterize strong boundaries out of the setting of Asplund
spaces.
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